Abstract-The negative refractive property of a meta-material medium modeled by an array of localized elements is demonstrated numerically using the iterative method based on the wave concept. This property is used to show the channeling and control of the electromagnetic beam inside the triangular shaped meta-material supports that are interfaced with the conventional positive refractive index supports. WCIP was used to view the electromagnetic behavior of a source placed in a right-hand medium interfaced with another left-hand medium in order to present the properties of the negative refraction.
INTRODUCTION
In 1968, Veselago proposed the concept of negative refraction [1] . This concept can be described by the possibility to have a negative refractive index as the permeability and permittivity are both negative. This property is not found in natural materials which are called right-handed materials (RHM). Rather, it only characterizes artificial materials which are called meta-materials or left-handed materials (LHM) [2, 3] . Meta-materials can be realized by the periodic networks of lumped elements, namely inductance and capacity [4] [5] [6] . Also, they can be manufactured using microstrip transmission lines, such as split-ring resonator (SRR) [7, 8] .
Veselago examined the possibility of the existence of environments characterized by simultaneously negative permittivity and permeability [9] . He concluded that these environments are allowed by Maxwell's equations and that plane waves propagating in them would have their electric field E, magnetic field H, and propagation constant k, forming a left-handed triplet. As a result, he coined the term "left-handed" to describe these hypothetical backgrounds. Also, Veselago realized that one must choose the negative branch of the square root to correctly define the corresponding refractive index. Thus left-handed media can withstand the negative refraction of electromagnetic waves. This phenomenon was observed experimentally more than three decades later by Shelby, Smith and Schultz [10] . In addition, because E, H, and K form a triplet of the left hand [11, 12] while E and H vectors and Poynting S vector form a right-handed triplet, Veselago concluded that in left-handed medium [13, 14] the constant k of spread is antiparallel to the vector of Poynting S.
The computation of electromagnetic field distribution can be done for distributed circuits as well as for periodic lumped circuits since the voltage and current are equivalent to the electric and magnetic fields in a transmission line approach modeling. Therefore, the knowledge of the current and voltage distributions on these lumped networks gives complete information about the behavior of the origin circuit, i.e., the microstrip circuit. Moreover, the modeling in the form of effective medium, i.e., with lumped elements, is required by the engineer before conceiving and manufacturing the desired circuit. However, lumped circuit simulators such as Advanced Design System (ADS) do not directly give the voltage distribution over the periodic circuit. The use of ADS requires labeling all the nodes of the circuit where we want to see the variation of voltage and thereafter that of the current. Labeling nodes can be impossible for very large circuits. For example, it is impossible to label all the nodes of a circuit with 256 * 256 unit cells, which is equivalent to 216 nodes. An iterative method based on the concept of waves can be used to overcome the problem encountered with the use of ADS. In this paper, this method is effectively used to illustrate many important properties of meta-materials, such as negative refraction and the channeling of electromagnetic waves.
The WCIP method has followed two approaches: While the first approach has been used to exhibit the electromagnetic simulation of distributed structures presenting copper and dielectric [15, 16] , the second one has been recently developed to exhibit periodic lumped circuits' simulation [17] [18] [19] [20] [21] . The last approach is used in this paper to show the wave propagation in RH/LH periodic lumped circuits by the computation of voltage as well as current in all nodes of the circuit. Regular and irregular shapes of a meta-material medium are selected as examples to show how to control the channeling of waves, which can be of an important interest when we design optical meta-material devices.
The first part of this paper concerns the basic theory of the recent approach of the Wave Concept Iterative Process (WCIP) and the calculation of lumped element parameters for the modeling of RH/LH mediums. The second part depicts the demonstration of the principle of negative refraction as a first example to validate our suggested method. Finally, the last part shows the simulation results of the beam channeling through triangular-shaped meta-material mediums.
THE WCIP THEORY
Homogenous periodic lumped-elements network as depicted in Fig. 1 can be constructed around one of the unit cells shown in Fig. 2 . The interface between a conventional RH medium and a meta-material medium (LH) should include two types of unit cells. (1, 2) , ..., V (3, 3) . This labeling is required when we use an ADS simulator.
We can use the technique of auxiliary sources to give a general representation of a unit cell in which both the serial impedance Z and shunt admittance Y can be composed of a combination of the elements L, C, and R. So, each of the elements Z and Y will be replaced by an auxiliary source, as shown by Fig. 3 .
The use of Floquet's theorem and Kirchhoff's laws permits to find all electrical relationships between voltages and currents inside a unit cell, as given by the following system of Equation (1
The system of equations can be rewritten in a matrix form of Eq. (2) labeled admittance matrix which relates the vector of currents to the vector of voltages, i.e., auxiliary sources.
where a = e −jα (1 − e jα ); b = e −jβ (1 − e jβ ).
α and β are the phase shifts between two cells along the X, Y axes. The admittance matrix can be rewritten as follows
where Y + and Z + are the transpose of the complex conjugate of vectors Y and Z in an orthonormal base. The developed equations generating these vectors are cited in [22] . We can deduce the spectral reflection coefficient from the admittance matrix, as follows
When r tends towards 0, Γ can be rewritten as Eq. (5):
For a given unit cell in a periodic network, the spatial reflection coefficient SΔ along Δ axis, with Δ = (X, Y, Z), is expressed as follows in Eq. (6)
Z 0 is the characteristic impedance. The determination of the spectral and spatial reflection coefficients in all the unit cells of the periodic circuit permits applying the iterative process that is based on the concept of incident and reflected waves A and B as in Eq. (7).
The passage from one domain to another is done by the application of a Fast Fourier Transform and its inverse. The running of the iterative process will be stopped until its convergence. Therefore, the voltage E and current J inside each cell are given directly as follows in Eq.
The modeling of RH/LH mediums by lumped elements requires the determination of the inductance L and the capacitance C representing the permeability and the permittivity of the medium, respectively. According to the transmission line theory, the resolution of the telegrapher's equations corresponding to RH/LH unit cells gives the propagation constant as follows in Eq. (9)
Δl is the length of a unit cell which should be much smaller than the guided wavelength. The index of refraction is then expressed in function of the propagation constant and the speed of light in vacuum as follows in Eq. (10)
Hence, we can write the refractive index of RH/LH mediums as Eqs. (11) and (12) respectively.
Then, L and C parameters can be expressed as Eqs. (13) and (14) L RH = μ 0 μ r Δl; C RH = ε 0 ε r Δl (13)
The characteristic impedance is given by Eq. (15)
PRINCIPLE OF NEGATIVE REFRACTION BY THE INTERFACING BETWEEN RH/LH MEDIUMS
An infinite medium of wave propagation can be achieved by means of a finite medium bounded by matched impedances. Generally, mediums differ from each other by their permittivity and permeability. These two parameters are positive for conventional RH mediums [23, 24] , which leads to a positive refractive index. Yet, they are both negative for meta-material mediums (LHM) [25, 26] , which gives a negative refractive index. Thus, the wave propagation through the interface between mediums with different permittivity and permeability values should follow the Snell's law of refraction in Eq. (16) . Figure 4 shows two interfaced RH/LH mediums with opposite refractive index signs. The simulation of the above network using the WCIP method illustrates snell's law of refraction. In fact, the two mediums are first chosen with the same index of refraction but with opposite signs, which is proved by Fig. 5 where the angles of incidence and refraction have the same absolute values. This is to notice that all axes are labeled according to cell number, and the right vertical scales designate the units voltage or radians. Figure 5 shows spherical wave fronts from the point source placed at (1, 1), which arrive at the level of the dipoter center plane at the right hand/center at the left hand (the plane x = 125). In the left-hand medium, we also observe wave fronts, of the same curvature as those observed in the right-hand medium, which seem to come from another point source symmetrical to the first one.
Secondly, the two mediums are chosen with different magnitudes of the index of refraction. We note in Fig. 6 , for the value of the index n LH = −2 of the left-hand medium, that the distance between the wave fronts decreases. The curvature of the wave fronts in the left-hand medium is greater than that of the right-hand medium and seems to come from a point source located not symmetrically with respect to the emitting source (1, 1) but rather of a virtual source placed much further.
CHANNELING OF ELECTROMAGNETIC WAVES USING TRIANGULAR SHAPED META-MATERIAL MEDIUMS
Meta-material mediums can be used with different shapes to control the channeling of electromagnetic waves in space, which can be of more interest in the manufacturing of several microwave devices. The results of simulation using the WCIP method given by Fig. 8 show the same directions of the beam propagation, as depicted by the schematic principle in Fig. 7 .
We can control the direction of the electromagnetic beam by either changing the slope angle of the inclined edge of the triangular-shaped LH medium as depicted in Fig. 9 or by changing the frequency. The results of simulation using the WCIP method are given in Fig. 10 .
The results of simulation given by Fig. 10 are performed with the following parameters values: n RH = 1, n LH = −1, C RH = 0.177 pF, L RH = 25 nH, C LH = 1 pF, L LH = 143 nH, Δl = 20 mm, f = 1 GHz/2 GHz.
CONCLUSION
We have numerically demonstrated the behavior of the electromagnetic field distribution inside RH/LH mediums using the WCIP method and an equivalent effective medium realized by L-C lumped elements. The WCIP method proves its accuracy to simulate very large periodic circuits of 256 * 256 unit cells. It is clear that this method can resolve the problem of nodes labeling encountered with the ADS simulator when studying this kind of periodic circuits. Thus, the WCIP method can be used to analyze many meta-material-based applications, such as lenses and spatial filters.
